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1. Introduction 

In the first report of this series, we introduced the Reaction Ensemble Monte Carlo (RxMC) 
method as a novel simulation tool for studying the behavior of materials under conditions of 
extreme temperature and pressure (1).  The difficulties encountered in experimental 
measurements and theoretical predictions of these materials were delineated.  Furthermore, a 
review of the limitations of currently available computational approaches illustrated the need for 
a simulation tool capable of more accurately predicting the shock properties of materials. 

In this work, we demonstrate the applicability of the RxMC method for calculating the shock 
Hugoniot properties of liquid NO.  Shocked liquid NO, which has been studied extensively by 
both experimental and theoretical techniques, is (nearly) an irreversible decomposition reaction 
that generates a mixture of the homonuclear products, N2 and O2. 

The outline of this report is as follows.  A brief review of the RxMC methodology applied to the 
simulation of the shock properties of materials is given in section 2.  Simulation details and 
models can be found in section 3, and application of the method to shocked liquid NO is 
presented in section 4.  Finally, discussion of the results and possible extensions of the method 
are given in section 5. 

2. Methodology 

2.1 Reaction Ensemble Monte Carlo 

The RxMC method (2, 3) is designed to minimize the Gibbs free-energy, thus determining the 
true chemical equilibrium state irrespective of rate limitations.  RxMC requires intermolecular 
potentials for the molecular species that are present in the reactive mixture (4).  RxMC also 
requires inputting the ideal-gas internal modes (vibration, rotation, and electronic) for each 
reactive species.  These contributions can be included by calculating internal partition functions 
from molecular energy-level data (2) or by using tabulated thermochemical data (3).  Regardless 
of the approach taken, the required information is readily available in standard sources (4–6) or 
can be generated using quantum mechanical calculations.  Finally, the particular reactions 
occurring in the system must be specified. 

Implementation of RxMC provides information on the chemical equilibrium state, such as the 
density of the reactive mixture, mole fractions of reactive species, the change in the total number 
of moles, and the internal energy.  RxMC directly samples forward and reverse reaction steps as 
Monte Carlo-type moves according to the stoichiometry of the reactions being sampled.  Further 
details of the RxMC method can be found in the first report of this series (1). 
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2.2 Calculation of Shock Hugoniot Properties 

The thermodynamic quantities of a material in the initial unshocked state and the final shocked 
state are related by the conservation equations of mass, momentum, and energy across the shock 
front (7).  The shock wave velocity D can be calculated from the Rayleigh line,  

 R = ρo
2D2 – (P – Po)(Vo – V) = 0 , (1) 

while the Hugoniot function satisfies the expression (7) 

 Hg(T,V) = 0 = E – Eo – ½(P + Po)(Vo – V) . (2) 

In equations 1 and 2, E is the specific internal energy, P is the pressure, ρ is the specific density, 
V=1/ρ  is the specific volume, and D is the velocity of the shock wave propagating through the 
material, while the subscript “o” refers to the quantity in the initial unshocked state.  Details of 
the search algorithm for locating a point on the Hugoniot curve used in this study can be found in 
the first report of this series (1). 

3. Simulation Model and Details 

3.1 Intermolecular Potential Models 

The species particles interact through the exponential-6 potential, which can be expressed as 
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 , (3) 

where ε is the depth of the attractive well between particles, rm is the radial distance at which the 
potential is a minimum, while α controls the steepness of the repulsive interaction.  The cutoff 
distance rcore is included to avoid the unphysical singularity in the potential function as r→0.  
The potential parameters for the species considered in this work are given in table 1.  A spherical 
cutoff for the particle-particle interactions was applied at 4.5rm,NO without applying any 
correction for this truncation (8).  Electrostatic contributions were ignored between species.  The 
unlike interactions between species i and j were approximated by the Lorentz-Berthelot mixing 
rules (4) for εij, αij, and rm,ij: 

 εij = (εiεj)1/2 ; αij = (αiαj)1/2 ; rm,ij = (rm,i + rm,j)/2; 

while  

 rcore,ij = (rcore,i + rcore,j)/2. (4) 
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Table 1.  Exponential-6 potential parameters. 

Species 
 

rcore   
(Å) 

rm   
(Å) 

ε/kB   
(K) 

Source 
(Reference No.) 

B α 
 

(11) NO 1.00 3.995 117.1 12.08 
(11) N2 0.98 4.251 75.0 13.474 
(11) O2 0.96 4.110 75.0 13.117 

The vibrational and rotational contributions to the ideal-gas partition functions used in simulating 
the NO decomposition reaction were calculated using a standard source (5) and supplemented 
with electronic level constants (6, 9). 

3.2 Simulation Details 

Constant-pressure RxMC simulations of shocked NO were initiated from 3375 NO particles, 
placed on a face-centered-cubic lattice structure.  The standard periodic boundary conditions and 
minimum image convention were used (10).  Simulations were performed in steps, where a step 
(chosen with equal probability) was either a particle displacement, forward reaction step, or 
reverse reaction step.  A change in the simulation cell volume was attempted every 2500 steps.  
Simulations were equilibrated for 0.3 × 107 steps after which averages of the quantities were 
taken over 2.0 × 107 steps.  Uncertainties were estimated using the method of block averages by 
dividing the production run into 10 equal blocks (8).  Reported uncertainties are one standard 
deviation of the block averages.  The maximum displacement and volume change were adjusted 
to achieve an acceptance fraction of ~0.33 and 0.5, respectively.  Depending on the system 
conditions, the acceptance fraction of the reaction steps ranged from 0.075–0.375.  Calculated 
quantities were reduced by the exponential-6 potential energy (ε) and size (rm) NO parameters. 

4. Application 

We consider the decomposition of nitric oxide:  2NO N2+O2.  This reaction generates a 
mixture of homonuclear products that are miscible with each other and (assumed to be) with 
residual NO.  The concentrations of other products such as NO2 are considered to be negligible 
as are the accompanying reactions, e.g., ½N2+O2 NO2. 

We determined the shock Hugoniot properties of liquid NO using the calculated initial 
conditions given in table 2.  An NVT Monte Carlo simulation was performed for N = 3375 NO 
molecules at T = 122.6 K and at a specific volume of V = 0.7905 cm3/g.  The calculated pressure 
and internal energy from this simulation are compared with experimental measurements in  
table 2.  The shock Hugoniot properties were determined by the prescription outlined in  
section 2.2 of the first report of this series (1).  The raw simulation data and the calculated 
quantities determined from a series of constant-pressure RxMC simulations at several different 
temperatures are given in table 3.  Quadratic polynomials were used in the fitting procedure with 
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Table 2.  Initial fluid states used to evaluate equation 2. 

Liquid NO Thermodynamic 
Property Experiment (11) NVT-MC 

Temperature, T  (K) 122.6 + 2.3/–1.1 122.6 
Density, ρ  (g/cm3) 1.263 + 0.06/–0.11 1.265 
Pressure, P  (MPa) — 490.5 ± 0.1 
Energy, E  (kJ/g) 2.650 ± 0.01 2.60 ± 0.01 

the exception of the shock wave velocity (D) where a linear equation was used.  A comparison of 
the shock properties along the principal Hugoniot calculated from the RxMC simulations and the 
experimental data of Schott and co-workers (11) is given in table 4.  In table 4, an estimate of the 
uncertainties in the RxMC calculations of the shock Hugoniot properties can be determined from 
the R-square value of the functional fit of data given in table 3.  Typical R-square values for the 
predicted temperatures and specific volumes are 0.97–0.99.  Plots of the shock Hugoniot 
pressure vs. the specific volume and the shock wave velocity are given in figures 1 and 2, 
respectively.  Again, excellent agreement between the RxMC calculations and the experimental 
measurements is found with typical differences of 1%–2%.  Plots of the species mole fractions 
along the Hugoniot curve are shown in figure 3.  Values of the mole fractions shown are 
interpolated from the data given in table 3 to THg using a quadratic function.  Since the mole 
fractions of N2 and O2 are equivalent, their mole fractions are plotted as “products” in figure 3.  
It is evident from figure 3 that as the pressure increases along the Hugoniot curve, the reaction 
equilibria shifts to an increasing amount of NO. 

5. Discussion 

We have demonstrated the effectiveness of using the RxMC simulation method for determining 
the shock properties of materials.  We found the RxMC calculations to be in excellent agreement 
with the available experimental data for two simple systems.  These demonstrations have 
illustrated the utility of the method for predicting the shock Hugoniot of mixtures for which 
species concentrations are not known and in the absence of interaction potentials that simulate 
bond breakage and formation. 

Subsequent to the validation of the method presented in this report series, there are several 
possible extensions of the current RxMC methodology.  First, although the computations are 
reasonably inexpensive, it may be possible to reformulate the method within other ensembles 
(e.g., constant-pressure, -enthalpy, and -number of particles [NPH]), allowing the calculation of 
the Hugoniot curve to be carried out more efficiently and conveniently (12).  Further, the RxMC 
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Table 3.  Constant-pressure RxMC simulations of shocked liquid NO. 

Mole Fractiona
T 

(K) 
<P> 

(GPa) <x(N2)> < x(O2)> < x(NO)>
<V> 

(cm3/g) 
<Uconf>
(kJ/g) 

Ho

(kJ/g) 
E 

(kJ/g) 
Hg

(kJ/g) 
D 

(km/s)

Pimp = 14.47 GPa 
2250 14.483(1) 0.4791(1) 0.4791(1) 0.0419(1) 0.5077(5) 1.673(1) 2.3550 3.404  –1.310 5.560
2500 14.473(2) 0.4649(2) 0.4649(2) 0.0702(2) 0.5123(9) 1.688(2) 2.7543 3.750  –0.9286 5.604
2750 14.487(2) 0.4468(2) 0.4468(2) 0.1064(2) 0.5164(9) 1.705(1) 3.1788 4.122  –0.5282 5.649
3000 14.476(1) 0.4257(4) 0.4257(4) 0.1486(4) 0.5206(7) 1.718(1) 3.6234 4.510  –0.1068 5.690
3250 14.476(2) 0.4026(4) 0.4026(4) 0.1949(4) 0.5241(7) 1.729(1) 4.0819 4.910    0.3198 5.728

Pimp = 17.93 GPa 
 2500 17.934(1) 0.4572(2) 0.4572(2) 0.0856(2) 0.4783(6) 2.042(1) 2.8008 4.150  –1.323 5.909
 2750 17.965(2) 0.4366(2) 0.4366(2) 0.1268(2) 0.4812(9) 2.061(2) 3.2400 4.539  –0.9127 5.941
 3000 17.921(1) 0.4135(4) 0.4135(4) 0.1730(4) 0.4842(7) 2.069(2) 3.6966 4.934  –0.4825 5.964
 3250 17.927(2) 0.3885(4) 0.3885(4) 0.2229(4) 0.4866(7) 2.080(2) 4.1657 5.345  –0.0506 5.988
 3275 17.946(2) 0.3859(6) 0.3859(6) 0.2283(6) 0.4868(7) 2.083(2) 4.2133 5.389  –0.0077 5.992
 3300 17.944(3) 0.3833(4) 0.3833(4) 0.2333(4) 0.4870(9) 2.085(2) 4.2608 5.431    0.0369 5.995

Pimp = 21.03 GPa 
 2700 21.036(2) 0.4314(4) 0.4314(4) 0.1372(4) 0.4565(5) 2.363(3) 3.2080 4.823  –1.369 6.200
 2900 21.031(1) 0.4119(3) 0.4119(3) 0.1763(3) 0.4580(7) 2.370(2) 3.5790 5.146  –1.029 6.213
 3100 21.035(2) 0.3911(5) 0.3911(5) 0.2178(5) 0.4596(7) 2.380(1) 3.9582 5.480  –0.6785 6.229
 3300 21.054(3) 0.3697(5) 0.3697(5) 0.2606(5) 0.4609(9) 2.391(2) 4.3422 5.819  –0.3287 6.244
 3400 21.061(1) 0.3592(4) 0.3592(4) 0.2815(4) 0.4614(8) 2.395(2) 4.5332 5.986  –0.1565 6.250
 3500 21.031(2) 0.3489(5) 0.3489(5) 0.3021(5) 0.4623(5) 2.395(2) 4.7230 6.148    0.0207 6.254

Pimp = 25.47 GPa 
 3000 25.487(2) 0.3830(8) 0.3830(8) 0.2339(8) 0.4301(14) 2.800(3) 3.8790 5.848  –1.430 6.584
 3250 25.478(2) 0.3551(9) 0.3551(9) 0.2898(9) 0.4312(8) 2.809(2) 4.3654 6.274  –0.9874 6.593
 3500 25.508(3) 0.3277(9) 0.3277(9) 0.3445(9) 0.4325(6) 2.826(2) 4.8494 6.706  –0.5450 6.608
 3750 25.467(2) 0.3024(5) 0.3024(5) 0.3952(5) 0.4336(9) 2.828(3) 5.3212 7.110  –0.1177 6.613
 4000 25.488(3) 0.2785(8) 0.2785(8) 0.4429(8) 0.4349(7) 2.843(2) 5.7857 7.520    0.3045 6.628

Pimp = 28.47 GPa 
 3200 28.455(3) 0.3468(4) 0.3468(4) 0.3065(4) 0.4149(4) 3.080(2) 4.3514 6.545  –1.488 6.821
 3400 28.477(2) 0.3241(7) 0.3241(7) 0.3518(7) 0.4155(7) 3.091(2) 4.7425 6.892  –1.136 6.829
 3600 28.475(2) 0.3029(5) 0.3029(5) 0.3943(5) 0.4163(5) 3.101(2) 5.1259 7.229  –0.7869 6.836
 3800 28.445(4) 0.2831(6) 0.2831(6) 0.4337(6) 0.4172(8) 3.107(3) 5.5004 7.555  –0.4434 6.840
 4000 28.497(3) 0.2647(8) 0.2647(8) 0.4705(8) 0.4175(7) 3.116(2) 5.8672 7.875  –0.1271 6.850
 4200 28.492(5) 0.2478(8) 0.2478(8) 0.5044(8) 0.4186(9) 3.127(3) 6.2255 8.189   0.2025 6.859

aMole fraction of species i, x(i) = Ni /Ntotal, where N is the nmber of particles.  Ntotal = 3375. 
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Table 4.  Shock Hugoniot states of liquid nitric oxide.  Experimental data taken from Schott et al. (11). 

P 
(GPa) 

V 
(cm3/g) 

T 
(K) 

D 
(km/s) 

E 
(kJ/g) 

Exp. RxMCa Exp. RxMC Exp. RxMC Exp. RxMC Exp. RxMC 
14.47 14.47 0.5203 0.5215 — 3064.9 5.767 5.700 4.663 4.611 
17.93 17.93 0.483 0.4868 — 3278.9 6.033 5.992 5.437 5.395 
21.03 21.03 0.4627 0.4622 — 3488.2 6.337 6.255 6.087 6.132 
25.47 25.47 0.437 0.4340 — 3819.1 6.715 6.619 7.157 7.227 
28.47 28.47 0.4212 0.4180 — 4074.4 6.940 6.853 7.903 7.993 

aPressure imposed in the constant-pressure version of the RxMC method. 
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Figure 1.  Shock Hugoniot of liquid NO.  Calculated values from RxMC simulations (○) model 
are compared with experimental data (▲) (11).  The shock pressure is plotted vs. the 
specific volume. 
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Figure 2.  Shock Hugoniot of liquid NO.  Calculated values from RxMC simulations (○) 
model are compared with experimental data (▲) (11).  The shock pressure is 
plotted vs. the shock wave velocity. 

method has been recently combined with transition state theory to allow for the calculation of 
reaction rates (13).  Thus, extension of the method to reaction rate calculations for materials 
under shock may also be possible.   

A coordinated approach that links experimental, theoretical, and RxMC efforts appears 
promising in furthering our understanding of chemical reacting systems in highly nonideal 
environments.  The RxMC method can perform several different functions in such approaches.  
First, RxMC can play a critical role in assessing theoretical models used in thermochemical 
codes.   In these approaches, predictions using the model are usually obtained through 
approximate methods.  Molecular simulation, on the other hand, provides an essentially exact 
result (within statistical uncertainty) for the model being considered and thus provides a means 
of testing these approximations.  Furthermore, the underlying model of the theory can be tested 
by comparisons of simulation results to experiment. 
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Figure 3.  Species mole fractions (NO:  [♦]; either N2 or O2 [∆]) along the Hugoniot curve 
determined from RxMC simulations of the NO decomposition reaction.  Mole 
fractions plotted as “products” represent the values for both N2 and O2. 

The RxMC method can also be a powerful tool in the development of novel energetic materials.  
In lieu of the synthesis of a candidate material and the measurement of its thermophysical 
properties, quantum mechanical information can be generated to provide the ideal gas partition 
functions required for the simulation, while ab initio calculations can be used to parameterize the 
functions that describe the intermolecular interactions between the reactant and the species 
believed to exist in the product mixture.  With these quantities in hand, RxMC can be used to 
predict shock properties of the notional material, thus providing crucial detonation performance 
information while avoiding costly and time-consuming experimental measurements. 

RxMC can also be used to study the reactions of energetic materials in other nonideal 
environments, e.g., confined within polymer membranes, carbon nanotubes, or other porous 
materials, or for naval applications near or underwater.  Finally, the RxMC method can be 
applied to the study of the supercritical phase separation behavior that theory suggests occurs for 
some detonation products (e.g., references [14–16]).  Presently, this behavior has not been 
verified by experimental measurements.  The RxMC method can be used to simulate multiple 
phase systems.  Application of the method to such systems may provide further insight into this 
phenomenon. 
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